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Ha  study  tbs  Solar  aquations  (1*1)  for  the  notion  of  a  non-vleoous 
inoonprassibla  fluid  in  a  plana  dons  in  Q.  Lot  S  ba  tba  Banach  spaoa 
dafinad  in  (1.4).  lot  tha  initial  data  aQ  beloog  to  I,  and  lot  tha  external 
foroaa  f (t)  beloog  to  L^diB)*  In  thaoran  1.1  an  proas  tha  strong 
continuity  and  tha  qlobal  houndadnaaa  of  tha  (unique)  solution  v(t) ,  and  in 
thaoran  1.2  va  proas  the  stroog-oontinoooe  dapandsnos  of  a  on  the  data  aQ 
and  f.  in  particular  tha  aorticity  rot  alt)  is  a  oontinuous  function  in 
3,  for  scary  t  S  *,  if  and  only  if  this  property  holds  for  one  value  of 
t.  In  thaoran  1.3  as  state  none  properties  for  the  associated  group  of 
nonlinear  operators  tit).  Finally,  in  thaoran  1.4  as  glue  a  quite  general 
sufficient  condition  on  tha  data  in  order  to  gat  classical  solutions. 

AMS  (MOS)  Subject  Classifications t  35*30.  3SF2S.  3SQ20 

Kay  Herds i  noo- viscous  inoonprassibla  fluids,  nonlinear  evolution 
aquations,  continuous  dependence  on  tha  data 

Hork  Unit  Nunber  1  (Applied  Analysis) 


*Departnent  of  Mathanatics,  University  of  Trento  (Italy). 

Sponsored  by  tha  united  States  Army  under  Contract  No.  DAAG29-80-C-0041 . 


BXQNXfXCAMCB  MB  EXPLANATION 


Zn  tUa  papar  m  study  tba  Malar  equations  (1.1)  for  the  Motion  of  a  non* 
viscous  inconpreaslblo  fluid  in  a  plana  done in  0. 


Lot  t  ba  tha  Banach  apaoa  consisting  of  all  divergence  fraa  vector 
fialda  in  Q#  tangential  to  tba  boundary  f  and  having  a  continuous  curl  in 
Si  lot  tha  initial  data  Vq  belong  to  M  and  tha  axtarnal  foroaa  f(t)  ba 
intagrabla  in  tine  with  valoaa  in  I.  under  these  aaeunptlona  tha  (unique) 
solution  v(t)  with  valaas  in  M  of  tha  Baler  aquations  is  globally  bounded 
and  oontinooua  in  tine  (thaoran  1.1).  Moreover*  we  prove  tha  strong 
oontittoooa  dependence  of  the  solution  v  with  respect  to  the  data  vQ  and 
f  (thaoran  1.2).  Zn  particular*  curl  v(t)  is  a  oontiaooas  function  in  &* 
for  every  til  if  and  only  if  this  property  holds  for  one  value  of  t. 

In  thaoran  1 .1  it  is  shown  that  if  rot  f  *  0*  tha  nonlinear 
operators  S(t)*  napping  tha  initial  data  vQ  to  the  solution  at  tine  t* 
fora  a  strongly  continuous  group  of  le poetries,  finally*  a  general  sufficient 
condition  guaranteeing  tha  existence  of  classical  solutions  is  given  in 
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Tha  responsibility  for  tha  wording  and  views  expressed  in  this  descriptive 
suunary  lisa  with  MNC*  and  not  with  tha  author  of  this  report. 


on  tu  aouniom  i»  nm  iarqs  or  ns  two-ou—  wu. 
non  or  s  aaMmcoo*  aoawMma  rune 


a.  min  4a  Hifi 


i.  aaaggggi m.  mu.  anra- 

Ut  fl  M  t*  opoa,  oaoMMi  twN»J  wt  of  tha  pUm  I1  with  i  royalac  bowtory 
r.  wjr  of  oloaa  r2**,  a  >  4.  ho  denote  by  n  tha  owtward  ait  wml  wT.li  this 
pop  or  wo  Italy  tbo  MUr  aqwatlooo 
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I*  ♦  IrlJ*  «  (  -  *■ 
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n  •  • 


•it*  •  v** 


U  Q  »  ■  “  8  , 

U  e  , 

m  I  •  r  , 

u  a  , 


iNwi  tho  wloelty  fi«14  alt, a)  aa4  Dm  jfimn  «(t,a)  an  aakasiM.  to  (1.1)  Uw 
oatonal  (ana  (ioUl  (It, a)  ami  Ui  UUUI  nlocity  w#(a)  an  «1mu  oononc, 

Of  f^li)  •  •  la  8  «l  y a  •  |  oa  T. 

falatoaoo  at  laaal  oolatioaa  at  (1.1)  waa  front  by  U  light, aaatala.  OLahal  aUoaiaai 
oolotiowa  won  atattal  hf  Map  lothow  oa  (or  iaataooo  S.  SBldar,  j.  tony,  a.  C.  Sohaoffar 
|7).  oat  ».  hoiihaar  |S).  Han  roaaat  otadloa  an  thoaa  at  a.  I.  MitlM  (1).  t.  Rata 
14).  J.  C.  V.  hDfon  (4|,  oat  C.  hartoo  (1). 

tho  aim  at  oar  fofaa  U  to  prove  mm  propoctioa  Car  tha  flahoi  oolatioaa  at  otoatiaa 
(1.1)  hr  oattioy  tha  ynblM  u  a  vary  aatoral  fgactloaol  (woaort,  tha  haaaah  apaoa 
t(tf)  oaaoiatiay  at  all  4iror«aan  fna  tact  or  tlalta  t|a)  which  an  taofaatiai  to  tha 
toaatary  ao4  for  which  rot  t(i)  «  Ctfi).  tha  profartiaa  ot  fiahal  aalwtiaaa  u  thia  apaoa 
«aa  ho  owoMoriaat  am  (allawoi 


of  hathaaatica,  Ooivaroity  of  Traata  (Italy) 


t.o.  *  «  a*stSt)  < 


U)  (or  ovory  toitloi  voloelty  «  1(8)  mm)  (or  ovory 
*  *  L^IBittS))  tho  oolotloo  *(t)  i«  otrooply  oootlaoouo. 
tlMoroB  ).)»  mo  tUo  rooork  3.1). 

lii)  too  ooXotioo  *(t)  itpooio  oootloooooly.  to  too  ooro  topology,  oo  tOo  4*to 
*•  Mi  (.  Moro  prootooly,  If  v‘“*  *  v#  to  1(8)  ooi  If  tm*  t  to  tNlfttB))  (or 
ovory  ooopoot  um  lotorvol  X.  tOoa  r^lt)  •  rlt)  to  1(8).  tOo  — rTriiniri  Ootop 
oMifoni  oo  orory  ooopoot  ttao  totorooi  X  (tOooroo  1.3). 

(tti)  oot  lotto  (!.»')  holiot  to  port  loo  I  or  tOo  oolottoo  to  floOoHy  koMioi  to  tloo 
K  (  •  t'lMltfl).  Moroooor  if  (  ■  I  tOoo  Ivttll  •  lf(l,  fill,  Ootop  tOo 

toon  of  i(8). 


Oo  tko  ocoor  taoi,  mo  ooto  toot  tOoorooo  t.t  ooi  1.2  otoo  proto  tOo  ooooototoooo  of 
oOoofto  (or  tfeo  oort  of  tfeo  voloelty  (UUi  ooro  prootooly.  rot  *(tl  to  o  ooottooooo 
(ooetioo  to  8,  (or  ovory  tot,  if  ooi  ooly  if  tkU  proporty  kslM  for  ooo  ( Arbitrary I 
*•**•  ®f  t»  tuo  motoooot  hotio  ovoo  to  proooooo  of  potto  itoooottooooo  (to  uoo) 
ootorool  for  ooo.  Aetooily.  rot  vlt)  ooot  thoo  to  o  oooUooooo  ftMotloo  to  g.  to  too 
roaolotor  of  thie  oootiao  oo  totroiooo  ootottao  ooi  ototo  tho  Mom  rooolto  to  aoqplete 
font.  Mr  simplicity,  m  oil!  oooooo  thot  a  to  otopty  ooooocioii  tho  rooior  ohooti 
vortfy  thot  tho  oooot  iovtco  (ooo  (3)  |)  ooi  (01 )  otllitoi  to  troot  tho  yooorot  otto  otoo 
oppltoo  to  oor  proof oi  hooeo  tho  rooolto  ototoi  to  oor  popor  hold  for  ooo-ofpty ooooootoi 
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at  0 


I 


aod  ctff)  tko  apaoa  at  ooatlaaoaa 
I  Malar  nr  Motor  Mload)  foaotlooB  to  ff  imH  hy  1*1  •  a«p|dU>|#  h  •  S.  for 
oiaplioity  mo  avoid  la  oor  aotatioa  oay  dlotiaotloa  hot moo  ooaUro  aad  Motora.  C*lfi> 

(k,  a  pooltiM  Uta«ar)  U  tko  apaoa  of  all  k  tiaao  ooatloaoMly  difCoroatUblo 
foo otiOM  ia  fi  ml|>H  Mitk  tko  aoaal  oars  *•*„.  Oaiittan  or  MiU  arlto  D*»  to 
doaota  a  faaarloal  darlMtlM  of  ardor  I.  tko  aoalar  pro  do  at  u  tko  Bilkdrt  apaoa  tl(0» 
ia  doootol  kit). 

if  B  ia  a  Q«ai  ad  apaoa.  fc^lBiS)  U  tko  Uaoar  apaoa  of  ail  B-oaUad  atrwfk 
aoaoorakla  foaotiaaa  «U).  t  «  B*  aook  tfcat  lo(t)tg  ia  iatafrokio  oa  ooapaot  iataraaU 
*  T  >  0. 

Bom  of  tko  afeoao  dofiaitioao  oiil  ha  aril  load  aloo  with  0  ropiaood  by  Q  or  by 
Qj  •  Id.t)  a  B. 

if  f(t.a)  ia  dafiaod  ia  0  mo  aoaoUaao  doaota  by  Bit)  tko  foootloo  •<«.*) 
dofiood  for  lit. 
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i  rot  Bat.  Boca  that  Hot  t  la  tko 
>M  dirootioo  looaotor  oLook  *u*t.  tot 
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v  l  Bat  I  ia  tko  oolatioM  of 
rot  »  •  1  ia  0  , 
«1t  *  >  I  ia  0  , 
v*o  •  0  oa  f  . 
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■  nt»,  V  %  •  atf ),  «b«ro  oil 
j«  ■  *v.  om  Mo  Um  follooioy  rooolt ■ 


rat  f  i  I  ni  dnsu  by  g(t),  t  •  B,  tbo  ooollooo r  operator  defined  by 
f  *.  •  Btfi),  oboro  ott)  U  Ho  eolation  of  probloo  II. I).  Nt  «Uo 


ti)  MUIIt)  •«(«<)«  *  t»t  «  ftj  Ml)  •  I. 
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of  ol ooo tool  oolotiooo.  Oor 


bo  tbo  oootloolty  of  to  oo  0,  oftHtloool  oooiltlwoo  oo  f  la  order 
tor  Mt  oof  *i  will  tboo  bo  trirtil.  ft  mat  to  aberooeorLoe 


to  yet  oootloolty  tor  Ml  oof  *»  oiU  tboo  bo  trfteiol.  Oo  ooot  to  aboroetorloo 
enplieltly  o  Ooooeb  opoee  c.rf),  tbo  Bote  opooo,  ooob  tbot  »  €  ctBic'tfit)  ftioooror 
rot  *9  «  C,tfl)  oof  sot  f  «  l^.lfcC.tfl)). 

Oo  Boo*t  o^oot  tbo  obooo  rooolt  If  oo  joot  Oof  loo  C.ffl)  oo  Ctfi).  oo  tbo  otbor 
boot.  If  oo  Oof  loo  C.tff)  oo  C^tf).  >  >  I,  tbo  rooolt  bolOo  oooltyi  booco  oo  ooot  o 
torpor  opoco.  Oo  ooootroct  c,tfi)  oo  fotloooi  for  ovary  •  «  Ctfi)  lot  oo  Boooto  by 
o^l r)  tbo  ooeilottoo  of  •  oo  ooto  of  <U ooot or  looo  or  ayenl  to  r i 
II.*)  oLtrl  *  oop  iCtfl)  -  ttytl  . 

o.y« 


'If  8  to  not  amply  oooooctof  oo  oloo 


tbot  tf^.e,.)  *  tf,v»  l*  t,„«*). 
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Owtl|  «a(r)  «t>i 
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■i  MiM  C.(S)  •  (•  «  CtS)  •  |»|.  <  «•).  IIMO  Ml.  a  |«).  ♦  Ml  too  ooeo  to  too 
Uooor  ooooo  Woroooor  to  a  Into  0*000.  tot*,  by  too  nay. 
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to  by  a  tooo*o  of  wortob 

|l«/lt)  ♦  (rt|*  •l-h,  t  «  (-*,•!,  otto 


Q|t-a  •  »jt«l  to  flow  by  oft)  •  -of-t)  ofeora  (lo/lt)  ♦  fa*f)a  •  *  -  »»,, 
lit,*)  •  (K,*l,  tjCM)  •  »H,*I,  t  «  |*»T),  Oj^  •  tjl*). 
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la  fros  mam  tm  9  9am otaa  am  arbitrary  aXamamt  at  X. 
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(1.))  U  tlw.  It  U  imU  loam  tktt  dm  onm'i 


4  with 


*  «  •1#*cai,  *»<«•,  dm  — —if 
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(Sl)warUUs  dm 


l»^f««#y>l  4  •!■  -  yl"\  l®Jt<*«y»l  4  «l»  -  yl"* 


M  <  «.lll  Mi  that 


Iris)  -  riyll  4  s^Mla  -  yfeila  -  yl»  «dd  *l*>  ■  B  »  >  •»  mam  (41 

1.4.  mama  tor  ««y  *  «  (•**!.  Mill  4  «i 
1 4.4)  Irit.a)  -  Kt,y>|  4  s^la  -  ylxlla  -  yl).  V  a,y  «®  . 

Oaarly  t  «  B^l.  Id  M«.M)  d  dm  mUdm  at  dm  Ofatam  at  at tim 


'Jj  Bd.tiil  •  vis,B(a,t.s)),  tor  •  •  !•#« 
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ttftorasld 
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|Ols*t*a)  -  SU^t,.!,)! 
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*«l*» 

man  ijt  au|1<Bl  mi  I  >  •  .  tot  sis)  -  OCa.t.s),  «|(«)  •  S(i«tiitl< 

Ms)  •  Isis)  -  a,ls)|.  QMS  Mss  la  Mai  I  <  etMMa»«<Ma)l  amt  ait)  -  I*  *  «,l.  Oo 


la  -  **1*-*’ 


ia  Um  leltlaa  of  p'ta)  •  e(» |(a>x(01(a)),  a  «  tt.Tl,  with  p,tt)  •  I*  •  *,1.  banco 
»(()  <  f|(at  for  a  >  t.  Mr  a  4  t  a  oorraapoadiaf  Uftaaat  ho  Ida.  Mao 
C2.7)  lota, t, a)  -  Ota,!,*,)!  4  tab) *”* la  •  a,|*  4  «j|i  -  »,|*  . 

>n  ooa  aaaUjr  fata  |0(a,t,a)  -  Ota^t,*)!  <  c^la  -  i(|  aad 
tOfa.t.s)  -  Ota, t,, a) I  <  o^a*lt  -  t,|*  (aaa  (4iii  aatioata  (2.41  follow. 
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I2.a> 


Ctt.a)  ■  <  tOtt.t.a))  a  /  4ta,0ta,t,aM4a  . 
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•  IB  iLUHliate  pb— ■>  oot  U  Cf^l. 
to  apatenatlwltp  of  tba  t*U|  CtIO(4,t,a>> 


follow  fa  ta.41  aaf  fna  tba  oaifata  aaatloaltp  of  C#  oo  0.  lot  w  prow  tba 
apitwalaUf  of  tba  aaatal  tow  oo  tba  rl**  boat  alba  af  f  2.aii  olaarly 


<*.*> 


1/  f  ta.Ofa.t.a))*  -  /  1  4ta,ota,t  ,a  ))|  4 
#  •  11 

4|/  IffallfM  ♦  /  l4to,oto,t,a))  •  #fa»Ofa,t.,a  }||«a  . 
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*1 


t  >  f 


12.11) 


■IMI  «  aw  l4lo.fl  -  tta.y,)!  . 


Ir-y,l« 


Maw  ota^i  4  Sttal*  aaf  Uaota,*)  •  •  for  » loo  at  all 
fw  bo 


a  «  |t,T| ,  tt  follow 


t#>. 
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«*(«,c0)ds  <  V 


Purthsruoru  to  mry  *  Q  >  0  thars  corresponds  a  A^  >  0  such  that 
(2.13)  m(|t  -  ttl«|a  -  <  Aj  ->  |0(a.t.x)  -  Dls.t^s,)!  <  efl 

uniformly  with  raapact  to  ai  this  follows  from  ( 2.6).  Rosea 


( 2.  14) 


t  t 

1/  4(a.0(s.t,x))da  -  /  4(a,0(s,t  ,x  ))|ds  <  2v 

0  0 


if  mast  It  •  ttl,|x  -  *j|)  <  aia(A|(A^.  ths  aqul continuity  of  ths  family  1(0  is 
proa ad.  Tbs  last  ststmmamt  follows  from  hsooli-hrsala's  oampaeity  thaoras.  D 

Ibaoram  2.2.  Tba  mao  1  i  X  ♦  X  has  a  fisad  point. 

Proof.  It  rams  ins  to  prows  ths  continuity  of  tha  map  4.  lot  4  «  x,  6^  ♦  9 
uniformly  am  Qy.  Psmotimp  by  wB  ths  oolstioo  of  (1.3)  with  data  6^  it  is  claar  that 

•  »  uniformly  on  ftp.  lot  S  >  9  bo  giwaa  and  ha  suoh  that  Iw  -  <  c 

S  >  Put  s(a)  •  0(s. t.s).  K^ts)  ■  0^(8, t.s),  and  p(s)  -  |k(s)  -  xB(s)|, 

0^  dsustss  tbs  solutlom  of  ( 2.5)  with  w  raplsoad  by  y„.  For  u  >  H(  ona  has 

|p'(s)|  «  |u*(0)  -  S^(S)|  4  r  ♦  «1B|x(s)  -  x^a)!  X(l*(s)  -  *B(S)|.  Bases 
IP* (a) I  4  a  ♦  OyVxtt)  baosuss  rx(r)  Is  am  iaoroaslap  funetia  os  (O.M).  Noraowsr 
•  It)  •  0.  Oauaaquaatly  lOll.t.D  •  O^i.t.xll  4  T(t  «  etK((C)|,  V  a  e  (0,T),  and 
(^(s. t.s)  is  uniformly  oomwsrpsut  bo  O(s.t.x)  on  |0.T] 3  a  0.  whan  n  ♦  o».  it  follows 
anally  from  (2.0)  and  (2.12)  that  (^  ♦  (  uniformly  is  Qj,  wharo  Ca  «  •  1  -  Actually, 

tha  po  in  twins  oouwarpoaos  of  ((  to  (i  uniform  conwarpsnca  follows 
of  auhiata  of  4(E).  ° 

mthod  of  prowlap  Stroup  oontinuity  of  C ( t )  in  C<3)  saama 

not  to  work  in  Idldtr 


it  suffl 
than  fro 


to 


that  Ce(a(t.nl)  «  CtBiC0**  (3)  J  by  us  imp  (only)  rupulsrlty  results  for  U(t,x)  (othsr 

li  in  fast,  if  Cp(0»  <  /ToT  and  U(t,x)  *  t  -  x  tha 


if  f  >  0.  la  foot  if  Cq  C  CM<fi>  wa  cannot  prows 


arpmasats  mast  awuntually  bo 

function  llt.x)  *  CQ(0(t.x))  warlflas  K(t.x)  -  «(t,x)  -  C(t,y)  ♦  «{t,y)|  -  |x  -  y| 
If  a  •  t,  y  •  t. 


v2 


1 


Ths  situation  hsean  worse  with  respect  to  the  itrosf  continuous  dependence  on  the 

data. 

Mow  wo  verify  that  tho  function  »  corresponding  to  tbo  flood  point  C  •  •  la  o 
aolution  of  (l.l)i  ooa  alao  (4). 

Mo  start  by  showing  that  for  flood  (o,t)  tho  nop  o  *  Oto.t.o)  io  aoaaoro 

preserving  in  fi.  Lot  •  «  K  «  d|0,f|tC<(S))i  lB  ♦  •  uniformly  on  ff.  If  »g  io 

tho  solution  of  (1.3)  with  data  ^  ooa  has  »t  <  d(t»r|tC1(i)l  and  div  v^  -  0.  banco 

o  ♦  tMo.t.x)  is  oossuro  preserving.  on  tho  other  hand  wo  know  fron  tho  proof  of  thoorsn 

3.1  that  0^  ♦  0  uni foxmly  on  10#T) 2  «  S.  it  follows  that  0  la  noaanro  preeervlng. 

for,  dafino  To  -  O(a,t,o) ,  t^o  «  (^(a.t.x),  odd.  and  lot  l  ha  a  oanpoot  onbaat  of 

fi  and  A  an  arbitrary  open  sot  verifying  T(B)  c  1C  B.  hsoolllng  that  T^x  *  to 

uniformly  and  that  ?(B)  ia  oonpoot  ana  shows  that  tbors  salats  an  intopor  a^  anoh  that 

T  (MIC  At  hanoa  |T  (B)|  -  III  <  |A|  oonaaquantly  |B|  4  |TS|,  whara  |*|  danotas 
*0  *9  -f 

taboo quo  no sours.  An  onaloposa  proparty  holds  for  tho  nop  T  y  -  0(t,s,y),  hanoa  tha 

nooaura  preeervlng  proparty  holds. 

MSB  .*:!■•  lOi  «  -•  ML  ttW  AM  Wtflt  fflWHWW  tfrgTtr.  -ttg 
H/»t  -  -div(Cv)  ♦  ♦  in  tho  aanaa  of  distributions  la  Q,. 
iSSSL.  "•  ■ho“  that 

<3. Id)  («.»)  -  ((Of TV)  ♦  (d,T),  V  T  «  Cg(fl)  . 

Denoting  by  C  3(t,x)  tho  oooond  tarn  is  tho  right  hand  olds  of  ( 2.1)  and  taking  lata 
account  tha  aaeaura  preserving  property  ana  gats,  by  tho  chonga  of  variable  y  «  0(s,t,x), 

t 

«,.»)-/  do  /  ♦(o,y)»(0<t,o,y))dy  . 

*  0  fi 


Hanoa 

.  t 

~  <«,,*)  -  /  ♦  (t,y)f  (y)dy  ♦  /  do  /  ♦(0,yJv(t,0(t,e,y)  )•  (?T)(0(t,o.yl  )dy  , 

2  fi  0  0 

and  returning  to  tha  variable  x  •  U(t,s,y)  m  tho  last  Integral  one  gets  (3.10)  for 


One  argues  slnllarly  with  tha  first  tan  on  tha  right  hand  olds  of  (3.0) 


LI  r  «  tr'*<a>,  dir  *  -  0  0  and  r*n  »  0  on  T.  Put 


rot  *  ■{. 


rot((r*?)rI  -  div(K) 


of  distribution*  In  0,  i.a. 


(»*•»>»,!«»)  •  «,«),  »t«c0<ai. 


Proof,  k  diroct  oapoutlM  ahow  that  for  •  wpUir  »,  My  »  «  C  (0),  tbo  abova 
aquation  holda  poiatolaa.  for  a  gaoaral  »  oonaldar  a  aaqoaooa  of  ragular  CB  ouch  that 
Cm  ♦  t  la  L3(0 ) .  Donating  by  ^  tha  ao lotion  of  (1.2)  with  data  and  daflaiaq 
f  -  not  t  it  foil ona  that  ».  ♦  »  ia  »,',(Q).  Thia  allow  ao  to  paaa  to  tha  llait 


a  ♦  ia  tha 


wak  fora. 


w  Torify  that  r  ia  a  aolntioa  of  (1.1).  Clnarly  d^t  «  « IQ.TJ iLp(Q)), 


»»<  o, 


,  c*  t  ctto.tiirifi)) 


>(/)t  «  t,(d,TilT1*a<0)).  aaoalliaq  that  •  •  C 


•idt/lt)  -  HAt  ia  a.  •♦/•t  -  •  on  r. 


.tine  (1.2)  yinlda 


*»/*t  «  L,(0.*i«,'*(8)) 


e(*t/»t)  «  lVo.TiL2®)).  ta  partioalar  (»r/»t)  ♦  (rf)»  -  f  «  L1(0,T»LJ(0)). 


r,  nt(d*^tl  ♦  (oD)«  *  fl  •  •  ia  tha  diatrihatioao 


2.4  aad 


aaiata  f  «  i’w.W1'*®))  aaoh  that  (1.1)|  holda.  On  tha  othar 


•  t0  i.a.  rot  r(| 


W 


oa  r. 


»l  ia  0i  dir  *1^  •  dir  r#  •  0  ia  0i  aad 
rjL  0  •  r#.  Finally  tha  outgo an aao  of  tha  aolotioa 


r  follow  ao  ia 


2  aiaoa  for 


p  «  [2,  ♦  •!  tha  aatiaata 


(Vr(t)l  <  opKItM  holda;  thia  follow  froa  (1.2)  aad  froa  wU 

Lp«0)  tp(0) 

for  alliptio  partial  diffaraatial  aqaatloao  ia  iP  agaoaa  (aw  for  iwataao; 


wtiaatw 


la  thia  aaotloa  w  rrita  C  *  •1(*»C0»t>  iaataad  of 


C  ■•(#)  aiaoa  C#  aad  f  ara  rariahla.  for 
raapaotiraly  tha  aapo  r  -♦,<•)  dafiaad  by  <1.1 


w  daoota  by 


r  -  f  f(f )  dafiaad  by  (1.2),  0  •  *2(r)  dafiaad  by  (2.5)  aad 


C  -  t,(0^#^)  dafiaad  by  (2.8). 


♦  , (•.€,.♦)  -  Tha  nap  •, 


ia  dafiaad  for  arary  AA9A)  «  Cify  «  C(ff)  «  L\o,TiC<ff>).  Nota  that  r  la  tha 
aolotioa  of  problaa  (1.1)  if  aad  only  if  r  *  1{(()  for  a  C  rarifyinq  (  •  •1«,C0.d). 


MHBLliIi.  Itt  *1  St 

JlO.TiCtS))  aad  K 


Cffi),  Ij 


♦  tCE  «  Kt  «  E,)  H 


mat,  ut  |)l  Ej  Md  E  hi  ooata  iMd  U  balls  with  osstsr  U  tbs  nlfli  sad 
radios  k|«  kj  sad  l,  raspsetivsly.  Km  sat  of  fssstloss  (Q(0(t«t,i))«  for  •  «  E 
sod  C#  •  E,,  is  boaadif  is  CtQy)  by  kr  By  tbs  asoasssry  ooaditioa  of  ksooU-Arsola’a 
tkserM  tbs  foactloaa  {#  «  E,  ora  aqolooatlawowa  is  ff.  By  (2.d)  tbs  foaetioos 
0(0, t,s)  aro  aqoioootiaooos  is  QJ.  Baooa  tbs  faaily  t((0(0,t,in  is  oquloostlawoos 
5j  sad  by  ksooli-kraola's  tbsoroa,  ooastitstas  a  rolativsly  Baayiot  sot  ia  CiQ^). 


0(0, t, a)  aro 


kaaloyoosly  tbs  f  sadly 


C  At,*)  -  /  ♦(s,0(s,t,*))d«,  •  IE,  ME,, 

*  B 


is  booadsd  by  kg  ia  Clj^).  Bo  oaat  fee  peers  that  ovary 
on  ovary  it  sobaaEomoa  ia  Clfy,  this  pcovos  oofotnoss 
lot  %a  C  E  aad  OEj  bo  arbitrary  soqoaaoao  sad 


t|B,(t,«)  ooatains  a 


for  tbs  Caaily  (1.1). 


•/  da(s.Oa(..t.a))ds  . 


By  tbo 


of  E_  tboro  mists  a 


of  0  aad  a  foaotioa 


♦  «  {.’(O.TiCtff))  sosb  that  da  ♦  ♦  ia  Noroovor  a  oall  kaooa  tbsoroa 


)  ♦a(s,» )  «  ♦  (s#»)  ia  C(fi)#  for  alamat  all  s  «  (O.TI  . 

Ooaoto  by  «a(s^)  tbs  aodolos  of  ooatiaoity  of  ♦a(a,* )  ia  5  (soo  (2.  ID) 


dafias  o  (o,s )  B  sop«a<s,t). 


(3.4)  aad  turn  ksooli-krasla’s  tbsoroa  it  follows  that 


lia  o(s,s)  >  o(  for 
*♦0 


'for  ooovoAioaeo  so  oss  tha  saaa  iadm  a  for 


aad  for 


Mew  let 


Wm  ** 


of  reel  positive  aunbers  each  that  £  a^  <  «• 


tiaoe  4^  ♦  4  la  L’lO.Tictf))  there  salats  a  eubaequanos  4k  much  that 


k-1 


/  14(a)  -  ♦.  (a)lda  *  a.  ,  Vk«l 
0  *  * 


Define  bB(a>a  £  I#  (a)  -4k(e)l,  a  C  (0,T|i  clearly  h.  ia  iategrable  over  (0,T). 
h»1 

Moreover  <  94k<a)l  «  94(a)!  ♦  »#(a)  l  2>(s)  hence  *(s,c)  <  h(a)  (here  • 

la  defined  reaped  to  the  oahaaqeanoa  «k  and  b<a)  ia  iatefrable.  Bp  using  (3.5)  and 


•a 


it  follows  that  to  every  v  >  0  there 


s>« 


that 


(3.4) 


/  w  <s,e  )de  <  v,  (kill 
0  g 


aquation  (1.0  generalises  (2.12)  ia  the  proof  of  theorae  2.1. 

Oa  the  other  head,  by  the  hBUBdadaaee  of  t»  the  fanetloae  vk  aad  verify  (2.4) 
aad  (2.1)  oolfosaly  with  reaped  to  k.  Maooe  (2.12)  holds  for  every  0^  with 
lj*  1 2<«o>  independent  of  k.  Me  now  prooeed  as  ia  the  proof  of  theorea  2.1  aad  we  ahow 
the  equiooatlauity  of  ths  set  of  faaotione  C*k>(t,s)  ia  ^  (note  that  (2.10)  holds 
uniformly  with  rasped  to  k,  siaoo  I4k<a)l  4  b(s>).  Proai  the  equlcontinuity  follows  the 
erieteaoe  of  a  subsequence  convergent  ia  Ct^).  □ 

Tfreoreo  2.2.  The  nap  4,  *  C(Q^)  a  c(fi)  »  L’jO.TiCifi))  ♦  dfl^)  la  ooatlawooa. 
ftoof .  lot  (*B<((*'*(,I  ♦  (*>Cgf4>«  Arguing  as  la  the  proof  of  the  continuity  of 
the  nap  0  ia  theorea  2.2  one  shows  that  v^  a  4t(*B)  ♦  v  I  41(*)  uniformly  on  ^ 
consequently  0^  a  4j(v-)  ♦  0  *  4j(v)  uniformly  la  (0,T)  2  «  S.  Mow  one  easily  verifies 
that  «m«  ♦jWb^o*>*4||)  ♦  <  «  4,(0,Cp<4>  poiatwlae  ia  since 

t 

/  I4_(a,0 *  <a,t,*>>  -  4(s,0(a,t,«))|ds  < 

C 

t  t 

•  /  !4_(a)  -  4(a)! da  ♦/  |4(s,0  (s,t,x>)  -  4(s,u(s,t,x) ) Ida  . 

0  ■  0  ■ 
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i 


I 


« 


How  by  o*l nq  th«or—  J.  t  wit*  E  •  {4^},  E,  -  ud  y  UJ  it  folio—  that  th* 

ooevarg— ci  of  C  B  to  C  i*  uniform  in  Qy  <thia  oaa  b*  shown  without  rooort  to  thaor— 
3.1).  □ 

mot  of  thaor—  1.2.  Umm  th*  hypotb— is  of  thooro*  1.2  tod  pot  CQ  •  rot  *Q. 

«  •  rot  f.  (  >  rat  *,  C*-*  >  cot  w‘",t  ^  l  rat  fB<  CB  ■  rot  w^,  *  ■  <  ■.  By  th* 
ass— pt  Ions  fhrthor.  ♦  C0  in  c(fi)  and  ♦  ♦  U 

I'll.flCli)). 

Onfino  E  -  (C  J .  E,  -  B,  -  [tj .  from  (2.8)  it  follow*  that  a  rat 

S**'*1'*2*  ll  bo®4*4  •draoawar  l,  and  ar*  ho— dad,  iad*p— d*o tly  of  th* 
particular  act  t.  C— saqn— tly  B  la  bound—  braau* a  -  V*2(  W,,C0B>'V' 

«  n  «  a.  Bow  thaor—  3.1  shorn  that  •1(B#B1,Ba)  ia  a  rulatl— ly  oonpaet  rat  in  ci^) 
haaou  B  C  •1(B.Bt,B3)  — rifl—  th*  *—*  proparty. 

tat  Cw  b*  any  oon— r— at  aubasq—o—  of  CB  and  put  for  eon— a iaoo*  C  *  11*  5y. 

Ivl  ^  ** 

fr—  th*  id— tity  <v  -  ♦1«w^o  ^w)  *ad  fc—  thaor—  3.2  It  folio—  that 
C  -  *1(C,C0^).  C— qu— tly  *>*,(()  1*  a  solution  of  (1.1)  h— o*  w  -  *  and 
<  -  C.  It  folio—  that  all  th*  saqu— o*  oo— srp—  to  C  — ifornly  la  CfQ,)  1.*. 

in  CUO,T]»B(ff)).  O 

motX  3.1.  X*  thaor—  1.2  o—— r— no*  of  fU)  to  f  is  net  raq—stad  sin—  w  la 
dstaraiaud  by  ayst—  (4.2).  con— rganc*  of  f (B)  to  f  ia  l^lid’lO))  w— Id  U&ly 
th*  additional  eon— rg— oa  ♦  V*  la  iJ  (BiL*(Q)). 

•  400 

4.  mot  of  th— r—  1.4.  M*  start  by  prow  lap  that  composition  of  C.-f— etlon*  with 
Bbldar  continuous  functions  yields  C«- functions. 

ban—  4.1.  £*t  o  *  C.(5)  and  0  «  c0,4(ff|fi),  0  <  <  <  1.  th—  u  •  o  «  C.(8) 

mormovr 

i  a, 

•4-1)  I®  •  01.  4  y  /  V*)  r  > 

0 

in  particular 


14' 


Iwot.  M  C  »  •  •  0.  (0l|  ■  K*  Om  oaaily  varlfloa  that 


“«<r*  *  “«<**'*  *  r  >  0  , 


K>*  *  /"  V*t<)  f  • 


By  Itlif  tlM 


of  mUklw  p  •  Kr  om  hu  dp/p  •  <  dr/r 


*  (R>  n 


«>.«#/  %«•»? ♦-V-/  J 


w«  Mi  0  •  *•»«**  ff  *  ff  w uttM. be ggjflttat 

|0<a,t.a)  -  0(a,t#y)|  «  K,!*  -  y|*.  V(a,t,x)  «  C0,TJ2  *  S 

0  <  «  «  »•  I*  ♦  «  JBUtflM. 


C,(t.x)  *  /  ♦<a,0<a,t,*))da  . 
*  0 


Thao  C2  €  «{0,TJ>C.<fi)) 


*  *  L1<0,t,C.(S>)  * 


*  fc’(0,tic(5)) 


»]  .  ,  « /  »(t)J  «  . 

L(0,t|C.(fl))  0  C*(ff) 


Proof.  With  atraiqhtfonmrd  oalcttlatlooa  om  ahowa  that 


t  R 

K(t)l.«/  da/  awp  WU.Ota.t,*))  -  ♦(a#0(a,t,y>)| 

0  0  0<|x-y|<r 


Ola)  •  4la,«> 


(4.7) 


t 

(C(t))#  4  /  (4(a)  •  0.  )#da 

0  *'* 


and  o  •  u(a,t,*).  By  oaiap  (4.2)  oaa  yata 

•»* 

t  ,  ,  l/ 

«(t)l.  4  /  {f  »<•>!.  ♦  #  Xo*(-5 — )l4C«>l}4te  . 


i.a.  aquation  (4.S). 

Wa  now  fcen  tha  oontlnaity  atataaant.  Mawa  Cor  Inatanoa  tg  <  t.  Proa  definition 
(4.4)  oaa  9ata 


«  I 

(4.S)  K(c)  -  C(t.))#  4  /  da/ 


t«  0  «<|»T^4r 


I4(e,0(a,t,n))  -  4(a,0(e,t,y>)|  + 


t  I 

♦  /  da/  any  I4(a,0(e,t,nn  -  4(e,0(e,tn,xH  - 

0  0  0<|*-y|4r  0 


-  4(a,0(a,t,y))  ♦  4(a,0(a.tQ>y))|  *  »,  ♦  »a  • 

ta  for  (4.4)  we  abow  that  a1  la  booadad  by  tha  riqht  hand  alda  of  (4.7)  with  tha 
interval  <0,0  replaced  by  (tg,t)i  hanoo  B,  «ooo  to  aaro  whan  |t  -  tgl  foea  to 
aero.  Mo  now  prove  that  Bj  ♦  0  whoa  t  *  tQ.  MappUoa  (4.3)  yialda 
P(tQ,t,a,r)  4  2r-^ („<*,»*)  vhara  Mtg.t.a.r)  ia  tha  inteprand  in  Bj.  The  above 
function  ia  lnteprable  over  [0,TJ  *  IQ,*]  ainoa  for  alaoat  all  a  C  (0,T)  one  haa 

/  "4<a)<*lr**  T  !  «♦«•>!.  ♦  2  loyf-j— -)lt(a)l)  , 

aa  one  ahowa  by  arpuinp  aa  in  tha  proof  of  lam  4.1.  Moreover  for  ovary  a  C  [O.Tl  for 

which  4(a,«)  «  C(G),  and  for  ovary  r  «  10, »),  one  haa  lia  r( t.,t,a,r)  ■  0.  An 

t#to 

application  of  Labaaqua'a  dominated  eonverqenoe  theorea  provaa  that  »2  ♦  0  if  t  *  tQ.  □ 
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««>•  m  0  th«  aagttaa  oe  as  ggcgaaa  «0  «  c.<S> 

asLJsUsa.  (,(«,«)  I  «0(oio,t,»)).  Than  ((  «  CUO.T)iC.(S))  mhow 

«•»»  U,U>1*  <  f  u0),  ♦  i  Xo,(-i-)lC#».  V  t  «  10.T1  . 

Proof.  gatiaate  (4.9)  follow  fro m  1mm  4.1.  Dm  continuity  statement  follow  m  In 
tho  prooodiaf  Iww  (with  way  olapllflatlou). 

IfMtlaM  (2.4).  (2.7),  ( 2.9),  definition  of  A  and  tho  two  procoding  Ioanna  give  tho 
following  result  I 

«*■*  4.4.  *mw»  that  hypothesis  of  theorem  1.4  hold  and  lot  C  »  rot  v, 

4  >  cot  f,  <0  ■  rot  vQ.  Thao  C  I  C(ajC,(5)),  aoroovor  for  owrt  tea 

(4.10)  IC(t)l#  <  a  Ik  J#  ♦  J4J  .  .  ♦  «Cttl  ♦  M4I  t  \  . 

L  (0,tfC.(fi>)  L  (O.tiCtB)) 

whore  ■  >  IC.I  ♦  141  . 

L  (0,t| C<ff)> 

Tho  following  thooroa  io  erooial  for  o«r  proof. 

Thooroa  4.S.  lot  •  «  C*(ff)  and  lot  4  bo  tho  solution  of  problem  (1.2).  Than 
4  «  C2(S),  aoroooar 

(4.11)  141 2«  c#l4»„  v  »  «c.(fi)  . 

Thia  rooult  aooao  wall  known  even  if  an  exact  roforonoo  la  not  available  to  ua  (aoo 
(2),  chapter  4,  probloa  4.2 )»  wo  aro  ablo  to  prow  it  for  a  uniformly  elliptic  aeeond  order 
equation  14*4  in  fl,  tu  ■  0  on  T,  at  loaot  if  L  hao  eaooth  ooof  f  icionta  and  tho 
boundary  operator  •  la  regular  (for  inatanoo  Oiriehlot  or  Mouaann  boundary  value 
probloa).  Thia  rooult  dooon't  depend  on  tho  diaonaion  n  >  2. 

The  main  otatonont  in  thooroa  1.4  followo  iaaodiataly  froa  v  *  Hot  4  and  from 
(4.10),  (4.11)i  recall  that  1  ■  (.  Nor cover  if  g  and  Tp  are  continuous  in  it 

followo  froa  (S.3)  that  To  ^  io  continuous,  from  To  -  To^  ♦  ?r  that  To  is  continuous 
and  from  (1.1)f  or  (3.2)^  that  2v/2t  io  continuous.  g 

-17- 


looandlx  1.  Ht  r«ed  1  mm  m«X1  known  f«et«  about  Motor  fiald#  da  flood  la  aoa 
alaply-oonnact ad  doMloa.  lot  0  bt  u  (H  ♦  1  )«tln  ooeaoctad  boundad  ration,  tba 
boundary  of  which  oooalata  of  alalia  oloaad  coma  tba  ounra  r# 

containing  «ho  othara.  la  that  ca*a  tba  karaal  of  tba  ilnoar  ays  tan  rot  »  •  0  la  a, 
dlv  v  ■  0  la  8,  v* a  •  0  oa  T  haa  flalta  illMMlnn  Lot  na  fix  a  baaa  u^...,*^ 
aad  aaaaM  for  ooavaalaaoa  that  i,k  ■  1, hay  taagaatlal  flow 

(Motor  (laid  wrltylng  dlv  »  •  0  la  8,  ra  ■  0  on  T)  la  oalqualy  dataralaad  by  tba 

(laid  rot  v  la  8  and  by  tba  raal  aunbara  (v,Oy ) ,  k  ■  Tba  quantity 

■ 

Id  -  loot  d  ♦  J  |(r,a)|  la  a  aora  la  t(8),  aqolMlaat  to  tba  norm 
Jr-t 

I  rot  d  ♦  Id  . 

l/(B) 

Lot  now  f  bo  aa  arbitrary  Motor  (laid  la  A.  »olva  tba  problan  -Af#  «  rot  f  la 
8,  t0  ■  0  oa  T  aad  pot  ^  *  Rot  |g.  Claaxly  rot  q9  •  rot  f>  dlv  q^  -  o  aad 
*0  oa  r.  if  y  I  ♦  J  >iMn  it  followa  that  g  la  a 

taaqaatlal  flow,  aorooMr  rot  (f  -  g)  •  0  la  8,  it  -  9,0^)  -  0,  k  •  8aaoo 

tboro  oxlata  a  aoalar  flald  P  aaob  that  f  -  9  -  Vr  la  8,  l.a.  tba  Motor  (laid  9  la 
tba  taaqaatlal  flow  in  tba  canonical  daooapoultlan 
(5.11  t  •  q  ♦  tf  . 

Nota  that  q  dap an da  only  oa  rot  f  aad  oa  tba  M  real  aunbara  ( f .u^) • 


too  Midi*  3.  tot  «■  dtaonpnaa  tbo  Mttml  tore*  t  in  aquation  (1.1),  u  todlcatad 
to  (5.1)  aod  lot  m  ootoldor  tha  auxiliary  problan 


If  ♦  (»•?)»  ■  1  -  )«, 

to 

0  . 

dlT  T  -  0 

to 

Q  . 

T»a  •  • 

oa 

I  . 

"|t-0  “  *0 

to 

a  . 

tbo  aolotloo  of  (1.1)  BDniliti  m  tbo  mm  Tolooity  ftold  v  m  to  (5.2)  and  on  tbo 
jcaaaora  toss  !*•(»,♦  Vr.  Motwwt,  Cbm  (5.2)  it  follow  tbot 

(5.3) 

Uw  that  tba  NfOiritr  of  **(t)  to  known.  Ihao  tbo  alllptie  boundary  valua 
problto  (5.3)  gtow  tba  ragotorlty  of  *• ,  and  (5.2)  flaw  tba  ragolarity  of  Mt.  to 
partloolto  tot  low  royolarity  raaolta  tor  l»/)t  (and  for  h)  aro  trlotolly  obtatoad  by 
aaawtog  dlffaranfe  oondltlooa  on  f.  Sanaa  tba  ragolarity  of  Va(t)  la  tba  baalo  oaa. 
Nota  by  tba  way  that  Va  to  tba  only  taw  dapaadtog  folly  on  f.  Tba  otbar  tasw 
oooaldarad  abora  dapaod  only  on  rot  f  and  on  (f>  V*  k  "  1 . . 


i 

1  1,J-1  *1  "a 

*1  £  #,ll 

r.LKrvf 
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non- viscous  incoaprassibla  fluids,  nonlinear  evolution  actuations, 
continuous  dependence  on  the  data 


A— TWACT  CCnK— •  m  IWM»  se  W  WHINS  B  ISW»»  if  WNt  — 

'  sWe  study  the  Euler  equations  (1.1)  for  the  notion  of  a  non-viscous 

J 

Incompressible  fluid  in  a  plane  domain  ySV  Let  E  be  the  Banach  space 

t  V  '-jf*  O  ) 

defined  in  (1.4),  let  the  initial  data  belong  to  E,  and  let  the  external 
forces  f(t)  belong  to  ^^(liE).  In  theorem  1.1  we  prove  the  strong  - — 


,  p/jSn  1473  emtio*  or  i  nev  es  is  oeeoiete 
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continuity  and  tha  global  boondadnaaa  of  tha  (unique)  aolotion  v(t),  and  in 
theorem  1.2  m  prove  feha  strong- continuoua  dapandanca  of  v  on  tha  data 
and  f*  In  particular  tha  vorticlty  rot  v(t)  la  a  continuous  function  In 

t 

St  tor  every  t  (  1  If  and  only  If  this  proparty  holds  for  ooa  value  of 
t.  In  theorem  1.3  vs  state  scis  properties  for  tha  associated  group  of 
nonlinear  operators  S(t).  Finally,  la  theorem  1.4  va  give  a  quite  general 
sufficient  condition  an  the  data  In  order  to  gat  olasaieal  solutions. 


